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Abstract
We study the ghost sector of vacuum string string eld theory where the BRST
operator Q is given by the midpoint insertion proposed by Gaiotto, Rastelli, Sen and
Zwiebach. We introduce a convenient basis of half-string modes in terms of which
Q takes a particularly simple form. We show that there exists a eld redenition
which reduces the ghost sector eld equation to a pure projection equation for string
elds satisfying the constraint that the ghost number is equally divided over the left-
and right halves of the string. When this constraint is imposed, vacuum string eld
theory can be reformulated as a U(1) cubic matrix model. Ghost sector solutions
can be constructed from projection operators on half-string Hilbert space just as in
the matter sector. We construct the ghost sector equivalent of various well-known




2 Vacuum string field theory: matter sector 4
2.1 Mode expansions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Split-string formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2.1 Half-string projectors . . . . . . . . . . . . . . . . . . . . . . . 6
2.2.2 Half-string basis . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.3 String elds as operators . . . . . . . . . . . . . . . . . . . . . . 9
2.2.4 Half-string creation and annihilation operators . . . . . . . . . 11
2.2.5 Half-string vacuum . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.6 Half-string Neumann coecients . . . . . . . . . . . . . . . . . 13
3 Some solutions to the projection equation 14
3.1 Half-string vacuum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.2 D-25 brane sliver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 GRSZ projectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4 Vacuum string field theory: ghost sector 17
4.1 Bosonization conventions . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.2 Half-string modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.3 Vertices and midpoint insertions . . . . . . . . . . . . . . . . . . . . . 19
4.4 BRST operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5 Ghost sector projection equation 21
5.1 Field redenition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
5.2 Operator formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23




Witten’s open string eld theory (OSFT) [1] has proven succesful in desribing the
process of tachyon condensation on unstable brane congurations. The solution cor-
responding to the tachyon vacuum has been approximated to a high degree of accuracy
using level truncation methods [2]. However, an analytic solution is still lacking. Such
a solution would be desirable in order to describe the fluctuations around the tachyon
vacuum, where interesting new physics is expected to emerge, possibly including closed
strings [3]. Vacuum string eld theory (VSFT) was proposed as an ‘educated guess’
for the string eld theory around the tachyonic vacuum. Various requirements for
such a theory led the authors of [4] to propose an action of the same cubic form as
in OSFT but with a dierent BRST-operator Q depending only on the ghost modes.
This makes it natural to look for solutions Ψ in which the matter and ghost parts
decouple:
Ψ = Ψm ⊗Ψgh. (1)
The equation of motion for the matter part then becomes the projection equation
Ψm = Ψm ?m Ψm (2)
while the ghost part has to satisfy
QΨgh = Ψgh ?gh Ψgh. (3)
Various checks of VSFT can be made without precise knowledge of Q or the ghost
part Ψgh. The matter part of the D-25 brane solution is given by the ‘sliver state’ [5]
and lower dimensional D-branes correspond to generalizations thereof. These solutions
reproduce the correct ratios of D-brane tensions [6, 7]. Multi-D-brane solutions have
also been constructed [8].
A convenient formulation for nding solutions to the projection equation (2) is
given in the split-string formalism [11, 12, 13]. Here, it is possible to represent string
elds as operators on an auxiliary ‘half-string Hilbert space’ H 12 in such a way that
the star product becomes the multiplication of operators. Numerous solutions to (2)
can then be constructed in the form of projection operators on H 12 . This construction
generalizes a familiar technique from noncommutative eld theories [14]. Another
3
approach to constructing solutions to (2) uses surface states in conformal eld theory
[9, 10, 18].
In [16], Gaiotto, Rastelli, Sen and Zwiebach (GRSZ) presented convincing argu-
ments that point to a specic choice for the BRST operator Q in VSFT. It is given
by a pure midpoint insertion








It was also argued that the overall multiplication constant in front of the action should
diverge in order to have nite energy solutions.
Finding solutions to the ghost sector equation (3) of VSFT seems at rst sight
more dicult than in the matter sector because of the presence of Q and the fact
that ?gh contains a midpoint insertion. However, solutions were found in [16] which
correspond to projectors in an auxiliary twisted ghost system. In this paper we further
explore the relation between solutions to the ghost sector equation (3) with Q given
by the midpoint insertion (4) and projection operators. Our approach uses oscillator
methods [19, 20] and the bosonized form of the ghosts. After transforming to suitably
chosen half-string variables, we show that there exists a eld redenition which takes
the ghost equation of motion into a pure projection equation of the form
Ψ0 = Ψ0 ?0 Ψ0. (5)
provided that Ψ0 satises the constraint that the ghost number should be equally
divided over the left- and right halves of the string. The star product ?0 in (5)
is dierent from the original ghost sector product ?gh in that it no longer includes
midpoint insertions: it is given by a pure delta-function overlap just as in the matter
sector. This allows us to construct solutions from projection operators on half string
Hilbert space as in the matter sector. In this way several well-known matter sector
solutions have a direct counterpart in the ghost sector. As an illustration, we construct
the ghost sector equivalent of various well-known matter sector projectors such as the
sliver, butterfly and nothing states.
This paper is organized as follows. Section 2 deals with the transformation to half-
string modes which we illustrate in the matter sector. We are careful to choose a half-
string basis which gives well dened expressions for midpoint insertions. We discuss
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the Bogoliubov transformation relating full- and half-string oscillator modes and derive
the relation between full-string and half-string vacua. We also nd expressions for the
Neumann matrices in the half-string basis. In section 3, we discuss several solutions to
the matter sector projection equation which will turn out to have a direct counterpart
in the ghost sector. In section 4, we turn to the transformation to half-string variables
in the ghost sector. We derive the bosonized version of the VSFT BRST-operator
which takes a simple form in terms of our half-string variables. In section 5, we discuss
the eld redenition which turns the ghost sector equation of motion into a pure
projection equation for string elds satisfying the constraint that the ghost number is
equally divided into the left and right-parts. When this constraint is imposed, vacuum
string eld theory can be reformulated as a U(1) cubic matrix model. We comment
on the construction of solutions and give several examples. We end with a discussion
of some open problems.
2 Vacuum string field theory: matter sector
2.1 Mode expansions
We start this section by giving some conventions regarding mode expansions. The
string is parametrized by σ 2 [0, pi] and mode expansions are obtained by expanding in
orthonormal basis functions ψn(σ) of L2[0, pi] obeying Neumann boundary conditions
at the endpoints:
ψ0 = 1; ψn =
p
2 cosnσ. (6)
One obtains position and momentum modes by expanding (we will suppress Lorentz



















We represent the modes fxngn as a column vector jx) and use the notation (xjy) P1
n=0 xnyn. Creation-annihilation operators are dened by:
jx) = ip
2






[Ejp)− iE−1jx)] jay) = 1p
2
[Ejp) + iE−1jx)] (7)






The canonical commutation relations are:
[am, ayn] = δmn
As usual, one builds up a Fock space by acting with the creation operators on a
vacuum state jΩi annihilated by all an (including a0) and normalized to hΩjΩi = 1.
Sometimes it is useful to work with the translationally invariant vacuum j0i satisfying
p0j0i = anj0i = 0, n > 0. Position basis states can be expressed in terms of oscillators
as
























In this section we set up the transition to the split-string formalism. This transition
is usually [11, 12] obtained by splitting X(σ) into left and right parts
XL(σ) = X(σ) 0  σ  pi/2 (9)
XR(σ) = X(pi − σ) 0  σ  pi/2 (10)
and performing mode expansions of these functions on the interval [0, pi/2], where
one chooses some boundary condition in the midpoint σ = pi/2. However, this leaves
some ambiguities in the treatment of the midpoint: for instance, it is not clear how
to express X(pi/2) in terms of half-string modes. Our setup is slightly dierent in the
sense that we will treat the transition to half-string modes as a change of basis in the
full interval [0, pi]. The change of basis is chosen so as to diagonalize the projection
operators on the left and right halves of the string. Various choices of orthonormal
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half-string bases are possible and the expansion of a string conguration X(σ) in
any such basis will converge with respect to the L2 norm. However, even if X(σ)
is continuous in σ = pi/2, pointwise convergence of the expansion in σ = pi/2 is not
guaranteed. Due to the importance of the midpoint in string eld theory (especially in
the ghost sector where midpoint insertions enter explicitly), we will impose pointwise
convergence at the midpoint as an additional criterion for the half-string basis we will
use. In a basis satisfying this criterion, X(pi/2) has a well-dened expansion in terms
of half-string modes.
2.2.1 Half-string projectors
Instead of working with the basis (6), one can also set up an expansion in a dierent
orthonormal basis in which the projection operators PL, PR on the left- and right
parts of the string become diagonal. The coecients in such an expansion are referred
to as half-string modes. The matrix elements of PL(σ, σ0) = θ(pi/2− σ)δ(σ−σ0) with
respect to the basis (6) are easily obtained. Splitting the component indices in even
and odd ones (denoted by superscripts e and o respectively) and writing any matrix














Here we have dened a matrix A whose rows are labeled by even indices and whose
columns are labeled by odd ones1
A2m,2n+1 =
4(2n + 1)(−1)m+n







The matrix A satises AAT = 1ee, ATA = 1oo, hence (PL)2 = PL.
Similarly, for the projection operator on the right half of the string PR(σ, σ0) =







θ(σ − pi/2)δ(σ − σ0), one nds the component form








The Hilbert space L2[0, pi] decomposes into the direct sum of PL and PR-invariant
subspaces. Our goal is to introduce a new orthonormal basis adapted to this decom-




















The matrix O denes a transformation to a new orthonormal basis ψL(σ), ψR(σ)

























2 θ(pi/2− σ); ψR0 (σ) =
p
2 θ(σ − pi/2)
ψL2n(σ) = 2 cos 2nσ θ(pi/2− σ); ψR2n(σ) = 2 cos 2nσ θ(σ − pi/2) n 6= 0
where the step function in 0 is to be interpreted as θ(0) = 12 . Hence this choice of
half-string basis corresponds to expandingXL(σ), XR(σ) in basis functions on [0, pi/2]













The transformation formulae for the position modes take the form:
jxL) = 1p
2




The inverse transformations are:
jxe) = 1p
2
[jxL) + jxR)] jxo) = 1p
2
AT [jxL)− jxR)] (16)
















The same procedure can be followed for the decomposition of the conjugate momentum
P (σ) into half-string modes. One gets
jpL) = 1p
2





[jpL) + jpR)] jpo) = 1p
2
AT [jpL)− jpR)] (17)

















Other half-string bases can be obtained by making further orthogonal transfor-
mations that do not mix the left- and right basis vectors. For instance, one could












The corresponding basis functions are the odd cosines
~ψL2n+1(σ) = 2 cos(2n + 1)σ θ(pi/2− σ); ~ψR2n+1(σ) = −2 cos(2n + 1)σ θ(σ − pi/2).
This corresponds to expanding XL(σ), XR(σ) in basis functions on [0, pi/2] obeying
Dirichlet boundary conditions at the midpoint [11, 12, 13]. An expansion in this basis
will give zero at σ = pi/2, hence this half-string basis does not satisfy the criterion of
pointwise convergence at the midpoint. This is often remedied by introducing an extra
‘midpoint degree of freedom’. The role of such a degree of freedom is not completely
clear since it doesn’t correspond to a basis vector of L2[0, pi]. We will not follow this
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procedure here but instead use the previous half-string expansion (14) in the rest of
the paper.
As has been noted in the literature [22, 21, 23], the matrix A is not strictly







AT2m+1,2n(−1)n = 0. (18)
In the present context, we see from Eq. (16) that this means that the half-string mode
dened by
xL0 = −xR0 =
1p
2
xL2n = −xR2n = (−1)n (n > 0) (19)
corresponds to full-string coecients being equal to zero. It is not hard to see how




(−1)n cos(2nσ) = piδ(σ − pi
2
) (20)
it follows that the mode in question corresponds to XL(σ) = −XR(σ) / δ(σ − pi/2).
The two delta functions cancel in taking the sum (14) for X(σ). It is important to
keep this over-parametrization in mind in the future.
2.2.3 String fields as operators
The formulation of Witten’s cubic open string eld theory action makes use of oper-
ations involving string elds, the star product ? and the integration
R
, which take a
simple form when expressed in terms of half-string modes. When we regard the string
eld Ψ as a functional of the half-string modes fxL2n, xR2ng (we will use the notation
Ψ[xL, xR]), the ? and
R
operations can be written as
Ψ ? [xL, xR] =
Z





where [Dy]  Qn dy2n. These operations can also be written in operator form as
follows. To any state jΨi corresponds an operator Ψ^ through the correspondence:
jΨi =
Z




[DxLDxR] Ψ[xL, xR]jxLihxRj (25)
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Such an operator formally maps a state in the \right" half-string Hilbert space to
a state in the \left" half-string Hilbert space. Since these spaces can be canonically
identied, we will consider Ψ^ to be an operator on \the" half-string Hilbert space
which will be denoted by H 12 . We will use a subscript 1
2
to distinguish states in
H 12 from their full-string counterparts. Oscillator modes in H 12 will be denoted by a
superscript
1
2 . In terms of operators on H 12 , star multiplication and integration reduce
to operator multiplication and trace respectively:
 ?Ψ , ^Ψ^ (26)Z
Ψ , Tr Ψ^ (27)
The Hermitean inner product becomes:
hjΨi , Tr ^yΨ^ (28)
In string eld theory, one works with string elds for which the Hermitean inner
product hjΨi becomes equal to the BPZ inner product R ?Ψ. This is guaranteed by
a reality condition which becomes a Hermiticity condition in the operator formulation:
Ψ[xL, xR] = Ψ[xR, xL] , Ψ^ = Ψ^y
Summarized, under the assumption (1) that matter and ghost parts of the string eld
don’t mix, the matter part of a solution to the VSFT equations of motion can be
represented as an operator satisfying:
Ψ^ = Ψ^y (29)
Ψ^ = Ψ^2 (30)
Numerous solutions can be found by taking Ψ^ to be any Hermitean projection operator
on half-string space. These can, at least in principle, be transformed back to full string
variables using the transformation formulae (15, 17). Some relevant examples will be
discussed in 3.
2.2.4 Half-string creation and annihilation operators
In order to get some feeling for the meaning of the transformation to half-string modes,
it is useful to see how it acts on the creation and annihilation operators. In analogy
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with (7), we dene the half-string creation and annihilation operators as
jxL) = ip
2









and similarly for the right half-string modes.











[jae) + C+T jao)− C−T jaoy)]
jaR) = 1p
2
[jae)− C+T jao) + C−T jaoy)] (32)




[EooAT (Eee)−1  (Eoo)−1ATEee]






2n satisfy canonical commutation relations as
can be seen from the denition (31) or from the properties of C:
C+TC+ − C−TC− = 1 , C+C+T − C−C−T = 1
C+TC− − C−TC+ = 0 , C+C−T − C−C+T = 0 (33)
2.2.5 Half-string vacuum
From (32) we see that, in terms of oscillators, the transformation to half-string modes
is a Bogoliubov transformation under which creation and annihilation modes are
mixed. Hence the vacuum jΩiLjΩiR annihilated by the half-string annihilation modes
is not the same as the original vacuum jΩi which is annihilated by the full-string

















The components of the matrices C+−1C− and C+T−1C−T were already calculated in
[19] where they enter as Neumann coecients in the denition of the 4-point vertex.
From denition (2.40b) in [19] of the matrix V + V we see that
(V + V )ee = −2C+−1C− (V + V )oo = −2C+T−1C−T
From equation (3.38a), the explicit matrix elements read:
(C+T−1C−T )2m+1,2n+1 = −
p
(2m+ 1)(2n + 1)









It will also be useful to work out the transition between the vacua at zero momentum
which we will denote by j0iLj0iR and j0i. In terms of full string modes, the state
j0iLj0iR satises:







2n+1)j0iLj0iR = 0 (37)
a2mj0iLj0iR = 0 m 6= 0 (38)
1X
n=0
(C+T2m,2n+1a2n+1 − C−T2m,2n+1ay2n+1)j0iLj0iR = 0 m 6= 0 (39)









Conditions (36,38,39) are trivially satised so we only have to check (38). This con-












In [16, 24, 18], the half-string vacuum j0iLj0iR is also called the "butterfly state" and
the expression (6.42) in [18], derived using conformal eld theory methods, agrees
with (40).
2.2.6 Half-string Neumann coefficients
Using the relations (32) we can express various quantities entering in the denition of
the string eld theory action in terms of half-string oscillators. In principle, one could
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start from the full-string oscillator expressions derived in [19] and perform the Bogoli-
ubov transformation (32) to half string-oscillators but this is rather cumbersome. It
is more convenient to start from the original position space expressions in [1] which
are naturally expressed in terms of half string modes.
The identity state in the matter sector jIXi dened so that hIX jΨi = R Ψ, has the
position space expression
IX [xL, xR] = δ(xL − xR)

































(a similar expression holds for the right position eigenstates). Performing the Gaussian
integral one nds




)2 det(pi(Eee)2)26/2 = 1.
The two-point vertex jV X2 i12 is dened by 12hV X2 jji1jψi2 =
R










2 ) = δ(x
L
1 − xR2 )δ(xR1 − xL2 )
Again using (41) we get
jV X2 i12 = exp−
h
(aLy1 jaRy2 ) + (aLy2 jaRy1 )
i
(jΩiLjΩiR)12 (43)
Equally simple is the expression for the three-point vertex jV X3 i123 dened by
123hV X3 jji1jΨi2ji3 =
R













3 ) = δ(x
L
1 − xR3 )δ(xL2 − xR1 )δ(xL3 − xR2 )
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one gets
jV X3 i123 = exp−
h
(aLy1 jaRy3 ) + (aLy2 jaRy1 ) + (aLy3 jaRy2 )
i
(jΩiLjΩiR)123. (44)
The state jV X3 i123 can also be used to calculate star products in the oscillator repre-
sentation. The star product of two real string elds ji and jΨi is given by
j ?Ψi1 = 2hj3hΨjjV X3 i123. (45)
As a check on the normalization of jV X3 i123 in (44), one can verify that the rank one
projector jΩiLjΩiR indeed star-multiplies to itself under (45).
Comparing (44) with the expression in terms of full-string modes derived in [19],
we see that the transformation to half-string modes has drastically simplied the Neu-
mann matrices V 12 and V 21, while the matrix V 11 now even vanishes. The fact that
these matrices have a manifestly dierent spectrum from their full-string counterparts
is not so surprising since the Bogoliubov transformation to half-string modes is not a
unitary transformation.
3 Some solutions to the projection equation
In this section we review some solutions to the projection equation Ψ = Ψ ?Ψ which
have appeared in the literature. We will restrict attention to states jΨi satisfying
pL0 jΨi = pR0 jΨi = 0. (46)
Such states are invariant under separate translations of the left and right halves of
the string. The solutions satisfying this condition will turn out to have a direct
counterpart in the ghost sector. They can all be written as the vacuum j0iLj0iR acted
on with creation operators of strictly positive mode number. Note that the identity
state jIi satises (pL0 + pR0 )jIi = 0 but is not an eigenstate of pL0 − pR0 , hence it does
not belong to the class of solutions we want to consider.
Of particular importance in the construction of D-brane solutions in VSFT are
the projectors of rank one [8, 12]. These are constructed from any normalized state
jχi 1
2
in H 12 :






Their position-space form is given by
Ψ[xL, xR] = χ[xL]χ[xR]
and the corresponding Fock space state is
jΨi = jχiLjχiR
where jχi denotes the state with wavefunctional χ[x].
3.1 Half-string vacuum





corresponding solution is the half-string vacuum or butterfly state jBi = j0iLj0iR,
whose full-string form was given in in (40):







3.2 D-25 brane sliver
This solution, which describes a single D-25 brane, was found initially [5] in full-string
variables where it takes the form of a squeezed state
ji = det(1− S2)26/4 exp−1
2
((ayjSjay))j0i
here we have introduced a new notation for sums that exclude the zero mode: ((ajb)) P1








(1 + 3X)(1 −X)

(47)
where C is the twist matrix Cmn = (−1)nδmn and X = CV 11. The sliver state ji
was shown to satisfy (46) in [22]. Evidence for the fact that it corresponds to a rank
one projector in half-string space was found in [8] and a proof was given in [25]. The
corresponding half-string state jχxi 1
2










ja 12 y))j0i 1
2
The D-25 brane sliver can be seen as the projector on the vacuum for a set of half-
string oscillators related to the original ones by a Bogoliubov transformation. The
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matrix D can be expressed in terms of previously dened matrices using (2.30-2.31)
in [25]. One nds
D = ~Eee ~A(Eoo)−1
q
Eoo ~AT ( ~Eee)−2 ~AEoo(Eoo)−1 ~AT ~Eee
where a ~ denotes the submatrix obtained by excluding the zero mode. One should





In [18], a class of rank one projectors, including the D-25 brane sliver and the half-
string vacuum as special cases, was constructed using CFT methods. These arise from
surface states in CFT and they all satisfy the condition (46). In terms of oscillators,
all these projectors are squeezed states of the form
ji = det(1− V 2)26/4 exp−1
2
((ayjV jay))j0i.




; v2n = 0
is an eigenvector of V with eigenvalue 1. The simplest example of this construction
is provided by taking V to be the identity matrix. The corresponding projector jN i
is called the nothing state in [18]:
jN i = exp−1
2
((ayjay))j0i.










yja 12 y))j0i 1
2
.
4 Vacuum string field theory: ghost sector
4.1 Bosonization conventions
We will work in the bosonized formalism in which the b, c ghosts are be expressed in
terms of a scalar linear dilaton eld φ(σ) [26, 1]. The mode expansion is





φn cos(nσ) . (48)
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[φn, pim] = iδmn.
The momentum zero-mode pi0 plays the role of the ghost number and is quantized in
half-integer units. The string eld Ψ entering in the VSFT action has ghost number
pi0 = −12 while the string eld parametrizing gauge transformations has pi0 = −32 .
Creation and annihilation operators dn, dn are dened by
jφ) = ip
2





[Ejpi) − iE−1jφ)] jd) = 1p
2
[Ejpi) + iE−1jφ)] (50)
with commutation relations:
[dm, dn] = δmn.











are bosonized according to:



















































Hermitean conjugation works on the ghost modes as cyn = c−n, so the ghost elds
c(σ), b(σ) are Hermitean. From (53) it follows that Hermitean conjugation acts on
the bosonized ghosts modes as:
dyn = −dn; φyn = −φn; piyn = −pin (54)
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This leads to slight dierences with the matter sector so we proceed to give some
further conventions in the ghost sector. As before, we dene a vacuum jΩi satisfy-
ing dnjΩi = 0, and its Hermitean conjugate hΩj = (jΩi)y satisfying hΩjdn = 0 and
hΩjΩi = 1. Position eigenstates have the oscillator expression











with Nφ = (NX)1/26, while their Hermitean conjugates read













where φ^n refers to the operator and φn to its eigenvalue. The inner product reads
hφ0jφi = δ(φ + φ0)




Similarly, for momentum eigenstates one has
hpijp^in = hpij(−pin); hpi0jpii = δ(pi + pi0).












The formulae for the transition to half-string modes derived for the matter sector go
through for the ghost sector as well under the substitutions:
x! φ p! pi a! d, ay ! d.
Half-string modes are dened by
jφL) = 1p
2





[jpie) +Ajpio)] jpiR) = 1p
2
[jpie)−Ajpio)] (57)











[jde) + C+T jdo)− C−T jdoy)]
jdR) = 1p
2
[jde)− C+T jdo) + C−T jdoy)] (58)








4.3 Vertices and midpoint insertions
The states dening the one- and three-point vertices in the ghost sector dier from
the pure delta-function overlaps of the matter sector through the presence of midpoint
insertions. These have their origin in the fact that these vertices introduce delta-
function curvature on the string world-sheet to which the linear dilaton couples. Let
us rst introduce states jIφi, jV φ2 i12 and jV φ3 i123 dening pure delta-function overlaps
analogous to the ones used in the matter sector:









2 ) = δ(φ
L













3 ) = δ(φ
L
1 − φR3 )δ(φL2 − φR1 )δ(φL3 − φR2 ). (61)
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In terms of oscillators, these are given by (cfr. (42, 43, 44))
jIφi = exp−(dLjdR)jΩiLjΩiR (62)
jV φ2 i12 = exp−[(dL1 jdR2 ) + (dL2 jdR1 )](jΩiLjΩiR)12 (63)
jV φ3 i123 = exp−[(dL1 jdR3 ) + (dL2 jdR1 ) + (dL3 jdR2 )](jΩiLjΩiR)123 (64)
The ghost sector vertices jIgh, ijV gh2 i12 and jV gh3 i123 include midpoint insertions:
jIghi = e− 32 iφ(pi/2)jIφi (65)
jV gh2 i12 = jV φ2 i12 (66)
jV gh3 i123 = e
i
2
(φ1(pi/2)+φ2(pi/2)+φ3(pi/2))jV φ3 i123. (67)
In the last expression, we have to chosen to divide the midpoint insertion evenly over
the three copies of the ghost Fock space labeled by 1, 2, 3. This is possible because
of the delta-function character of V φ3 . Note that, by making a eld redenition,
one could absorb the midpoint insertions of the three-point vertex in the denition
of the string eld, but this would introduce a midpoint insertion in the two-point
vertex. Hence it seems hard to get rid of the midpoint insertions in the string eld
theory action. However, we will see that if the quadratic term in the action contains
the BRST operator proposed in [16], which is itself a midpoint insertion, it will be
possible to eectively get rid of all the midpoint insertions in the action through a
eld redenition.
4.4 BRST operator














































2n . This constant can be absorbed
into a redenition of the string eld and the overall normalization of the action. By
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denition, the states entering the string eld theory action have xed ghost number






) in (68) act trivially on such states. The remaining
dependence of Q on the momentum modes becomes very simple in terms of half-string












(piL0 − piR0 )
Hence, when acting on states with pi0 = −12 , Q is equivalent to the operator κ1eiφ(pi/2)Q0






(piL0 − piR0 ). (69)
5 Ghost sector projection equation
5.1 Field redefinition
In this section we propose a eld redenition which considerably simplies the equation











with κ0 an overall normalization constant. Using the results of the previous section,
the quadratic term can be rewritten as
1
2 12




We can use the fact that jV φ2 i satises the overlap equations
(φ1,2n − φ2,2n)jV φ2 i12 = 0 (71)
(this can be derived e.g. from the oscillator expression (63)), to evenly distribute the
eiφ(pi/2) insertion over the two copies of the ghost Fock space labeled by 1 and 2:
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where, in the second line, we used the fact that [φ(pi/2), (piL0 − piR0 )] = 0. Using the


























We can now absorb the midpoint insertions e
i
2
φ(pi/2) into a eld redenition












(jΨ0i1Q0jΨ0i2− 13 123hV φ3 j
(jΨ0i1jΨ0i2jΨ0i3

where κ00 = κ0(κ1)3. The equation of motion becomes:
Q0jΨ0i = jΨ0i ?0 jΨ0i (75)
where ?0 is determined by the vertex jV φ3 i without midpoint insertions and has the
same form as the star product (45) in the matter sector.
Since jΨi was restricted to have ghost number −12 , the new string eld jΨ0i is
constrained to have ghost number zero:
(piL0 + pi
R
0 )jΨ0i = 0. (76)
When we restrict attention to states which in addition are eigenstates of piL0 and pi
R
0
separately, i.e. states satisfying
piL0 jΨ0i = −piR0 jΨ0i = λjΨ0i (77)
for some λ, the action of the operator Q0 in (75) reduces to multiplication by a
constant. Note that although the full-string ghost number pi0 was quantized, there
is no a priori restriction on the value of the half-string ghost number λ. We should,
however, make sure that the restriction (77) is compatible with the reality condition
on the string eld, which in the ghost sector reads [1]
Ψ0[φL, φR] = Ψ0[−φR,−φL]. (78)
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This restricts the allowed values of λ to λ = 0. Indeed, for general λ, the zero-mode
part of Ψ0[φL, φR] is eiλ(φL0 −φR0 ). Hence the reality condition is satised only for λ = 0.
In summary, a class of solutions to the equations of motion in the ghost sector of
VSFT is provided by states jΨ0i that satisfy the condition
piL0 jΨ0i = piR0 jΨ0i = 0 (79)
and are solutions of the projection equation
jΨ0i = jΨ0i ?0 jΨ0i. (80)
In addition, they should satisfy the reality condition (78).
The condition (79) can be interpreted as stating that the ghost number of jΨ0i
(and hence the ghost number of the original eld jΨi as well) should be evenly dis-
tributed over the left- and right halves of the string.
5.2 Operator formulation
The absence of midpoint insertions in ?0 implies that we can write (80) in the form of a
simple algebraic equation for operators in half-string space, just as in the matter case.
The map between string elds jΨ0i and half-string operators Ψ^0 is slightly dierent
from the one in the matter sector because φ is antihermitean. It reads:
jΨ0i =
Z




[DφLDφR] Ψ0[φL, φR]jφLih−φRj (83)
With this denition, ?0 multiplication reduces to ordinary multiplication of operators:
0 ?0 Ψ0 , ^0Ψ^0.
The reality condition on the string eld (78) again reduces to a Hermiticity condition
on operators:
Ψ0[φL, φR] = Ψ0[−φR,−φL] , Ψ^0 = Ψ^0y.
The operator form of the conditions (78, 79) and the equation of motion (80) is






0 = Ψ^0 pi
1
2
0 = 0 (85)
Ψ^0 = Ψ^02 (86)
The ghost number condition (85), together with Hermiticity (84), restricts the zero




hpi0 = 0j. Hence we can decompose
Ψ^0 =








where M^ works on the subspace orthogonal to the zero mode. The equations (84, 86)
simply state that M^ is a Hermitean projection operator.
With the ghost zero-mode part constrained as in (87), VSFT becomes, at least
formally, equivalent to a cubic U(1) matrix model. Indeed, if we dene the operator
P^ as the tensor product of M^ with the matter string eld Ψm, P^ = Ψ^m ⊗ M^ , the
total matter and ghost action becomes








which is invariant under the unitary transformations P^ ! UP^U y. Here, U works on
the half-string subspace orthogonal to the ghost zero mode. A similar U(1) invariance
is present in purely cubic string eld theory [27].
5.3 Examples
It is now a simple matter to construct ghost sector solutions. Using the decomposition
(87) any Hermitean projection operator M^ in the subspace of H 12 not involving the
zero mode will give rise to a ghost sector solution. In section 3, we gave several
examples of rank one projectors in the matter sector with half-string momenta equal
to zero. These can all be mapped to projectors in the ghost sector satisfying (85, 86).
Their wavefunctionals factorize into a product of half-string Gaussians so they also
obey the reality condition (78).
A rst example is the ghost butterfly state







The matrix elements of C+T−1C−T were given in (35).
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From the D-25 brane sliver in the matter sector one can construct an analogous
ghost sliver state given by
jx0i = det(1− S2)1/4 exp−1
2
((djSjd))j0i.
with the matrix S given by (47).
All projectors arising from surface states constructed in [18] have analogous solu-
tions in the ghost sector. The simplest example is the ghost sector nothing state given
by
jN 0i = exp−1
2
((djd))j0i.
Except for the ghost sector nothing state, which is not normalizable, the solutions
discussed here are rank one projectors for which the ghost part of the action takes the
value −κ00/6. If we combine such a rank one ghost projector with a rank one matter
solution, the total action will still be equal to −κ00/6. This suggests the identication
κ00/6 = T25
where T25 is the tension of the D-25 brane.
The fact that we nd nite action solutions for nite values of κ00 seems in con-
tradiction with [16], where it was found that the analogous constant κGRSZ0 should
diverge in order to have nite action solutions. However, one has to bear in mind
that the normalization of the vertices in (67) in the string eld theory action diers
from the one used in [16] by singular factors [13, 25]. A more precise derivation of the
relation between κ00 and κGRSZ0 would require a careful regularization of such factors
and is beyond the scope of the present work.
6 Discussion
In this paper we have focused on the ghost sector of VSFT with the BRST-operator
Q taken to be the pure midpoint insertion proposed in [16]. We have shown that, for
this particular choice of Q, the main obstacles to constructing ghost sector solutions,
viz. the presence of Q in the equations of motion and the midpoint insertion in the
star product, can be dealt with simultaneously by making a eld redenition. This
redenition removes the midpoint insertion from the star product and the remaing ki-
netic operator Q0 depends, when expressed in half-string modes, only on the dierence
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of the left- and right ghost numbers. Hence it can be rendered trivial by consistently
truncating the string eld to have its ghost number symmetrically divided over the
left- and right halves of the string. The resulting equation of motion is a pure pro-
jection equation and solutions can be found by using the techniques developed for
the matter sector. In the light of certain subtleties in the transition to half-string
variables, hinted at in section 2.2.2 and discussed more extensively in [22, 21, 23], we
should note that the use of half-string variables is not essential in our construction:
it merely provides a simple interpretation of the operator Q0 in terms of half string
zero modes and facilitates the construction of solutions as projection operators on
half-string Hilbert space. We end with some observations and open problems.
 It seems that the relation between the ghost sector equation of motion and the
projection equation is a feature special to the pure midpoint BRST-operator Q
in contrast to the other pure ghost operators considered previously [4]. Indeed,
it is unlikely that similar simplications would go through with any of the other
pure ghost BRST operators. It is quite remarkable that precisely this Q has
emerged as a likely candidate for the correct description of the ghost sector. It
has been remarked in [16] that non-pure ghost BRST operators, obtained by
tensoring Q with a suitable matter part, could also be considered good candi-
dates for describing VSFT. A generalization along these lines appears, in fact,
to be necessary in order to obtain the correct structure of gauge transformations
in VSFT [28]. The simplications in the ghost sector discussed in this paper
would also go through for these operators.
 In this paper, we used the bosonized form of the ghost system. It remains to be
seen whether a similar approach would work in terms of fermionic ghosts since
the eld redenition (74) has no local expression in terms of (b, c) elds.
 In [16], solutions in the ghost sector of VSFT were constructed by introducing
new ‘twisted ghost’ variables, in terms of which these solutions reduced to pure
projectors. The transition to twisted variables acts on the Virasoro generators
as
Ltwn = Ln + njn + δn,0
with jn the modes of the ghost number current. One might wonder how this
approach is related to the one used in the present paper. A rst guess would
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This is not the case however as one can easily verify. It seems likely that both
approaches are related but it is not yet clear how.
 In section 5.2, we found that, once one imposes the constraint (79) on the half-
string ghost number, VSFT can be written as a U(1) matrix model. Such a
U(1) symmetry was also also argued to be present in the tachyonic vacuum
from the low-energy point of view in the presence of a large B-eld [15]. It
would be interesting to see how both points of view are related.
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